Abstract. We investigate sufficient and necessary conditions for the space of bounded linear operators between two Banach spaces to be rough or average rough. Our main result is that L(X, Y ) is δ-average rough whenever X * is δ-average rough and Y is alternatively octahedral. This allows us to give a unified improvement of two theorems by Becerra Guerrero, López-Pérez, and Rueda Zoca [J. Math. Anal. Appl. 427 (2015)].
Introduction
All Banach spaces considered in this paper are non-trivial and over the real field. The closed unit ball of a Banach space X is denoted by B X and its unit sphere by S X . The dual space of X is denoted by X * , and the Banach space of all bounded linear operators acting from X to another Banach space Y by L(X, Y ). Definition 1.1. Let X be a Banach space and δ > 0. The space X is said to be • δ-rough [7] if, for every x ∈ S X , lim sup y →0
x + y + x − y − 2 y ≥ δ;
• δ-average rough [3] if, whenever n ∈ N and x 1 , . . . , x n ∈ S X , lim sup
The space X is said to be non-rough, if there is no ε > 0 such that X is ε-rough.
A dual characterization of roughness is well known. The space X is δ-rough if and only if the diameter of every weak * slice of B X * is greater than or equal to δ [6] . The space X is δ-average rough if and only if the diameter of every convex combination of weak * slices of B X * is greater than or equal to δ [3] .
Banach spaces which are 2-average rough are exactly the octahedral ones (see [1] , [3] , and [4] ). A weaker version of octahedrality was introduced in [5] and it was shown that a Banach space X is weakly octahedral if and only if the diameter of every non-empty relatively weak * open subset of B X * is 2 [5, Theorem 2.8].
Definition 1.2. A Banach space X is said to be • octahedral (see [4] and [5, Proposition 2.2]) if, whenever n ∈ N, x 1 , . . . , x n ∈ S X , and ε > 0, there is a y ∈ S X such that
• weakly octahedral (see [5, Proposition 2.6] ) if, whenever n ∈ N, x 1 , . . . , x n ∈ S X , x * ∈ B X * , and ε > 0, there is a y ∈ S X such that
. . , n} and t > 0.
Our note is motivated by the recent paper [2] , where octahedrality of the space of bounded linear operators is studied. In Section 2, we give a unified improvement of the following Theorems 1.1 and 1.2 obtained in [2] . Moreover, we study their quantified versions in terms of roughness and average roughness (see Theorem 2.1). For the convenience of reference, let us point out a property for a Banach space X used as a hypothesis in Theorem 1.2:
(P) there is a u ∈ S X such that the set
is norming for X in the sense that, for every x ∈ S X and every ε > 0, there is an x * ∈ B X * such that We then introduce a new notion of weak δ-average roughness of a Banach space which corresponds to the property that the diameter of every non-empty relatively weak * open subset of the dual unit ball is greater than or equal to δ (see Theorem 3.3). Our main result in Section 3 is a quantitative version of Theorem 1.3 in terms of weak δ-average roughness (see Theorem 3.5).
Let us fix some more notation. Let X and Y be Banach spaces. For x * ∈ X * and y ∈ Y , we denote by
For a subset A of X, its linear span and convex hull are denoted by span(A) and conv(A), respectively.
Sufficient conditions for roughness in spaces of operators
The main objective in this section is to relax the assumptions in Theorems 1.1 and 1.2. In order to do so, we introduce a new notion of alternative octahedrality, which in general is a weaker property than both octahedrality and property (P).
Definition 2.1. Let X be a Banach space. We say that X is alternatively octahedral if, whenever n ∈ N, x 1 , . . . , x n ∈ S X , and ε > 0, there is a y ∈ S X such that max{ x i + y , x i − y } ≥ 2 − ε for all i ∈ {1, . . . , n}.
Note that the alternative octahedrality of X is equivalent to the following condition:
• whenever n ∈ N, x 1 , . . . , x n ∈ S X , and ε > 0, there are y ∈ S X and x * 1 , . . . , x * n ∈ S X * such that, for every i ∈ {1, . . . , n},
Observe that both octahedrality and the property (P) above imply alternative octahedrality. On the other hand, for example, c 0 is alternatively octahedral, but fails to be octahedral nor does it have property (P). Proof of Theorem 2.1. (a). Let n ∈ N, S 1 , . . . , S n ∈ S H , and ε > 0. It suffices to find a T ∈ H with T = ε satisfying
Since Y is alternatively octahedral, there are y ∈ S Y and y * 1 , . . . , y * n ∈ S Y * such that, for every i ∈ {1, . . . , n},
Letting T := x * ⊗ y, one has T = x * = ε and
(b). The proof is similar to that of (a). 
Proof. (a). We mimic the proof of Theorem 2.1(a) with n = 1. Let S ∈ S H and ε > 0. It suffices to find a T ∈ H with T = ε satisfying
Let y * ∈ S Y * be such that S * y * > 1 − ε 2 . Let y ∈ S Y be such that y * (y) > 1 − ε. Since X * is δ-rough, there is an x * ∈ X * with x * = ε such that
(b). The proof is similar to that of (a).
We do not know whether for the octahedrality of L(X, Y ) it is, in general, sufficient that only one of the spaces X * or Y is octahedral without any additional assumptions (see also the discussion after Corollary 3.6 in [2] ). We next show that, for 1 < p < ∞, the space L(c 0 , ℓ (α 1 , β 1 ) , . . . , a n = (α n , β n ) ∈ S ℓ 2 p be such that α 1 , . . . , α n ≥ 0 and β 1 ≥ · · · ≥ β n . Then
Proof. Let θ 1 , . . . , θ n ∈ {−1, 1}. Put
We will show that x ∈ B ℓ 2 p . Without loss of generality we may assume that θ 1 = 1. Since a n 2 = a 1 2 + a 2 − a 1 2 + · · · + a n − a n−1 2 ,
5
we have that
Hence there is an odd number of increasing indices k 1 , . . . , k 2l+1 such that x is representable as
To show that x ∈ B ℓ 2 p , we use the following geometric properties of ℓ Since
by part (a) of Fact. We can write the middle part of the right hand side of (2.1) as
Continuing in this way, we will finally have
, and ε ∈ (0, 1). It suffices to show that there is a T ∈ S L(c 0 ,ℓ 2 p ) such that S i + T ≥ 2 − 3ε for all i ∈ {1, . . . , n}.
Without loss of generality we may assume that x 1 , . . . , x n are finitely supported, that is, there is a N 1 ∈ N such that x 1 , . . . , x n ∈ span{e 1 , . . . , e N 1 }.
Since S 1 , . . . , S n are finite rank operators and (e k ) is a weakly null sequence in c 0 , there is a N 2 ∈ N such that S i e k ≤ ε/n for all i ∈ {1, . . . , n} and k ≥ N 2 . Take N = max{N 1 , N 2 }.
For all i ∈ {1, . . . , n}, put a i := S i x i / S i x i . By reordering a 1 , . . . , a n and by replacing a i with −a i if necessary, we may assume that a 1 , . . . , a n satisfy the assumptions of Lemma 2.4.
Define T : c 0 → ℓ 2 p by T e N +1 = a 1 + a n 2 , T e N +2 = a 2 − a 1 2 , . . . , T e N +n = a n − a n−1 2 ,
and T e k = 0, if k ∈ N \ {N + 1, . . . , N + n}. By Lemma 2.4, T ≤ 1. On the other hand, T ≥ 1, because T (e N +1 + · · · + e N +n ) = a n . Thus T = 1.
6
Fix i ∈ {1, . . . , n}. Choose θ 1 , . . . , θ n ∈ {−1, 1} so that
Let y i := θ 1 e N +1 +· · ·+θ n e N +n . Since T y i = a i = S i x i / S i x i , T x i = 0, and x i + y i ∈ S c 0 , we get
Necessary conditions for roughness in spaces of operators
In this section, we first prove a quantitative version of Theorem 1.3 in terms of roughness. Our main result is a quantitative version of Theorem 1.3 for weakly octahedral Banach spaces.
Recall that a Banach space is non-rough if and only if its dual unit ball has weak * slices of arbitrarily small diameter [6, Proposition 1].
Theorem 3.1. Let X and Y be Banach spaces, let H be a closed subspace of L(X, Y ) containing the finite rank operators, and let δ > 0.
Proof. (1a). Let n ∈ N, y 1 , . . . , y n ∈ S Y , and ε ∈ (0, 1/3). For the δ-average roughness of Y , it suffices to find a z ∈ Y with z < ε such that 1 n
Since X * is non-rough, there are x * ∈ S X * and α ∈ (0, 3ε) such that, for the slice S(x * , α) := {x ∈ B X : x * (x) > 1 − α}, one has diam S(x * , α) < ε. Let S i := x * ⊗y i for every i ∈ {1, . . . , n}. Since H is δ-average rough, there is a T ∈ H with T < α 3 such that
For j ∈ {1, 2}, choosing x i,j ∈ S X and y * i,j ∈ S Y * so that
one may assume that both x * (x i,j ) > 0 and y * i,j (y i ) > 0, and thus x i,j ∈ S(x * , α), because (1b). The proof is similar to that of (1a).
(2). The proof is exactly that of (1) with n = 1.
Note that Theorem 3.1(1) with δ = 2 is exactly Theorem 
